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Abstract

An accurate simulation of the propagation of muons throwgbd amounts of matter is needed for
the analysis of data produced by muon/neutrino undergrexpdriments. A muon may sustain hundreds
of interactions before it is detected by the experimentc&m small uncertainty introduced hundreds of
times may lead to sizable errors, requirements on the jpwactf the muon propagation code are very
stringent. A new tool for propagating muon and tau chargetbles through matter that is believed to
meet these requirements is presented here. The latestlfm@nailable for the interaction cross sections
were used and the reduction of calculational errors to armim was the top priority. The tool is a very
versatile program written in an object-oriented languag@renment (Java). It supports many different
optimization (parametrization) levels. The fully paranmtd version is as fast or even faster than the
counterparts. On the other hand, the slowest version ofrthgram, which does not make use of param-
eterizations, is fast enough for many tasks if queuing driliged environments with large numbers of
connected computers are used. In this work, an overvieweoptbgram is given and some results of its
application are discussed.

mmc code homepage is
http://icecube.wisc.edu/"dima/work/ MUONPR/

mmc code available at
http://icecube.wisc.edu/"dima/work/MUONPR/BKP/mmnge.t
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1 Introduction

In order to observe atmospheric and cosmic neutrinos witingeelunderground detector (e.g., AMANDA
[1]), one needs to isolate the neutrino signal from the 3eem of magnitude larger signal from the back-
ground of atmospheric muons. Methods that do this have besigried and proven viable [2]. In order to
prove that these methods work and to derive indirect resutth as the spectral index of atmospheric muons,
one needs to compare data to the results of the computeragiorul Such a simulation normally contains
three parts: propagation of the measured flux of the cosmite|gs from the top of the atmosphere down
to the surface of the ground (ice, water); propagation ofatmeospheric muons from the surface down to
and through the detector; and generation of the Cerenkotopb@enerated by the muons in the vicinity of
the detector and their interaction with the detector corepts The first part is normally callegenerator
since it generates muon flux at the ground surface; the sesgmbpagator and the third simulates the
detector interaction with the passing muons. Mainly twoegators were used by AMANDA: basiev [3] and
CORSIKA [4]. Results and methods of using CORSIKA as a génena a neutrino detector (AMANDA-I1)
were discussed in [5, 6]. Several muon propagation Monte@aograms were used with different degrees
of success as propagators. Some are not suited for appfisatihich require the code to propagate muons
in a large energy range (e.g., mudedx, a.k.a. LOH [7]), aedothers seem to work in only some of the
interesting energy rangé’(> 1 TeV, propmu, a.k.a. LIP [8]) [9]. Most of the programs usessrgection
formulae whose precision has been improved since their dimeiting. For some applications, one would
also like to use the code for the propagation of muons thataoh00 — 1000 interactions along their track,
so the precision of each step should be sufficiently high kaccomputational errors should accumulate as
slowly as possible. Significant discrepancies between thenpropagation codes tested in this work were
observed, and are believed to be mostly due to algorithmrse(see Appendix B). This motivated writing
of a new computer program (Muon Monte Carlo: MMC [10]), whitimimizes calculational errors, leaving
only those uncertainties that come from the imperfect kedgé of the cross sections.

2 Description of the code

The primary design goals of MMC were computational precisind code clarity. The program is written
in Java, its object-oriented structure being used to improyde readability. MMC consists of pieces of
code (classes), each contained in a separate file. Thessgidfill their separate tasks and are combined
in a structured way (Figure 1). This simplifies code mainteeaand introduction of changes/corrections
to the cross section formulae and is facilitated by our ahatthe programming language. It is also very
straightforward to “plug in” new cross sections, if necegsaAdditionally, writing in an object-oriented
language allows several instances of the program to beedreaitd accessed simultaneously. This is useful
for simulating the behavior of the neutrino detectors, \ehaifferent conditions apply above, inside, and
below the detector.

The code evaluates many cross-section integrals, as wadlvasal tracking integrals. All integral evalua-
tions are done by the Romberg method of the 5th order (by tefad] with a variable substitution (mostly
log-exp). If an upper limit of an integral is an unknown (tkigpends on a random number), an approxima-
tion to that limit is found during normalization integralauation, and then refined by the Newton-Raphson
method combined with bisection [11].

Originally, the program was designed to be used in the Mabks®arallel Network Computing (SYM-
PHONY) [12] framework, and therefore computational speed wonsidered only a secondary issue. How-
ever, parametrization and interpolation routines werelémented for all integrals. These are both polyno-
mial and rational function interpolation routines spanoeer a varying number of points (5 by default) [11].
Inverse interpolation is implemented for root finding (i.henz(f) is interpolated to solve(z) = y).
Two-dimensional interpolations are implemented as twaseountive one-dimensional ones. It is possible to
turn parameterizations on or off for each integral sepfrateprogram initialization. The default energy
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Figure 1: MMC structure

range in which parametrized formulae will work was chosebédrom 105.7 MeV (the muon rest mass;
1777 MeV for taus) ta&y,;,, = 10'* MeV, and the program was tested to work with much higherregstof
Eyiy. With full optimization (parameterizations) this code idemst as fast or even faster than the other muon
propagation codes discussed in Appendix B.

Generally, as a muon travels through matter, it loses engugyto ionization losses, bremsstrahlung,
photo-nuclear interaction, and pair production. The nmgjaf formulae for the cross sections were taken
from the recent contribution [13] and are summarized ini8e@. These formulae are claimed to be valid
to within about 1% in the energy range upxol0 TeV. Theoretical uncertainties in the photonuclearsros
section above 100 TeV are higher. All of the energy losses kantinuous and stochastic components, the
division between which is artificial and is chosen in the pang by selecting an energy cut.(;, alsoE..;)
or a relative energy loss cut;). In the following,v.,; ande.,; are considered to be interchangable and
related bye.., = v.+F (even though only one of them is a constant). Ideally, abéssshould be treated
stochastically. However, that would bring the number ofesafe energy loss events to a very large value,
since the probability of such events to occur diverges /&5, for the bremsstrahlung losses, as the lost
energy approaches zero, and even faster than that for teeloises. In fact, the reason this number, while
being very large, is not infinite, is the existence of kineamautoffs (larger than some)) for all diverging
cross sections. A good choice of,; for the propagation of atmospheric muons should lie in thgea
0.05 — 0.1 (Section 3, also [14]). For monoenergetic beams of mugpsmay have to be chosen to be high
as107% — 1074



2.1 Tracking formulae Let the continuous part of the energy losses (a sum of allggniesses,
integrated from zero te,,;) be described by a functiof{ £):

dE

-2 = [(B).

X, dx X,

Figure 2: Derivation of tracking formulae

The stochastic part of the losses is described by the fumeti@’), which is a probability for any energy
loss event (with lost energy e..;) to occur along a path of 1 cm. Consider the particle path foma
interaction to the next consisting of small intervals (FgR). On each of these small intervals the probability
of interaction isdP(E(x;)) = o(E(x;))dz. It is easy to derive an expression for the final energy aftisr t
step as a function of the random numigerThe probability to completely avoid stochastic processesan
interval (;;z ;) and then suffer a catastrophic lossdnatz ¢ is

(1 —dP(E(x:))) - ... - (1 = dP(E(x-1))) - dP(E(xy))

~ exp(—dP(E(x;))) - ... -exp(—dP(E(xs_1))) - dP(E(xy))

e (_ / N dP(E(g:))) - dP(E(zy))

dz—0

—dy (—ewi- [ E L ap)) = d-9), ¢e (0]

To find the final energy after each step the above equatiorvisdtor £

Er o(E) - .
/Ei _f(E)'dE = —log(¢) (energy integral).

This equation has a solution if

E;
§>& =exp (— elow%-dE).

Heree,,, is a low energy cutoff, below which the muon is considerededdst. Note thaff (F) is always
positive due to ionization losses (unless, < /(Z)). The value ofr(F) is also always positive because it
includes the positive decay probability. 4f< &, the particle is stopped and its energy is set;tp. The
corresponding displacement for altan be found from

By
xf:xi—/ B (tracking integral),

g [(E)
and time elapsed can be found from
t—tz+/xfd—x—t-— EfdiE (time integral)
T ) v s FEW(E) '

Evaluation of time integral based on the approximatioa ¢, t; = t; + (x; — z;)/c, is also possible.
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2.2 Continuous randomization It was found that for highew,,, muon spectra are not continuous
(Figure 3). In fact, there is a large peak f&t,) that collects all particles that did not suffer stochakisses
followed by the main spectrum distribution separated frboen peak by at least the value @f,E,... (the
smallest stochastic loss). The appearance of the peaksapibininence are governed by, co-relation of
initial energy and propagation distance, and the binnintdpeffinal energy spectrum histogram. In order to
be able to approximate the real spectra with even a largand to study the systematic effect at a largg,
acontinuous randomizatioieature was introduced.
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Figure 3: Distribution of the final energy of
the muons that crossed 300 m of Fréjus Rock
with initial energy 100 TeVu,,; = 0.05 (solid),
Vewr = 107* (dashed-dotted)y.,, = 0.05 and
contoption (dotted)

Figure 4: A close-up on the Figure 8;,; = 0.05
(solid), v.; = 0.01 (dashed)p.,, = 1072 (dot-
ted),v., = 10~* (dashed-dotted)

For a fixedv.,; or e.,; a particle is propagated until the algorithm discussed alfioms an interaction
point, i.e., a point where the particle loses more than theftanergy. The average value of the energy
decrease due to continuous energy losses is evaluatediaxgrto the energy integral formula of the previous
section. There will be some fluctuations in this energy legsch are not described by this formula. Let us
assume there is a cutoff for all processes at some sm& ... Then the probability(e; E') for a process
With ey < e, < ey ON the distancéz is finite. Now choose@x so small that

po=/ p(e; E) de - dr < 1.

eo
Then the probability to not have any losses is py, and the probability to have two or more separate losses
is negligible. The standard deviation of the energy losd:ofrom the average value

<e>:/ u e-ple; F) de - dx

€0

is then< (Ae)? >=< e? > — < e >2%, where

<e>= / e ple; E) de - dz.

€0
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Figure 5: Same as in Figure 4, but witont

option enabled Figure 6: Comparison of parametrized (dashed-

dotted) with exact (non-parametrized, dotted)
versions forv.,; = 0.01. Also shown is the rela-
tive difference of the curves.

If the value ofv.,, or e.,; used for the calculation is sufficiently small, the distamge- z; determined by
the energy and tracking integrals is so small that the ageeagrgy losd; — £ is also small (as compared
to the initial energyF;). One may therefore assumée; E) ~ p(e; E;), i.e., the energy loss distributions
on the small intervaldz,, that sum up to the; — z;, is the same for all intervals. Since the total energy
lossE; — E; =) e,, the central limit theorem can be applied, and the final gnlags distribution will be
Gaussian with the averagell = E; — E; and width

< (A(AE))? >= Z (<e>—<e,>?

n

€cut €cut 2
= Z [(/ e2 - plen; E;) den) dx,, — (/ en - plen; E;) den) dmi]
n €o €o
Ty Ecut T f €cut 2
~ / dx - (/ e ple; E(x)) de) —/ dx - (/ e-ple; E(x)) de) dx
x; eo Z; €0

Here E; was replaced with the average expectation value of energyiatr). As dx — 0, the second term
disappears. The lower limit of the integral ovecan be replaced with zero, since none of the cross sections
diverge faster than or as fast B&>. Then,

dE
—f(E)

This formula is applicable for small..;, as seen from the derivation. Energy spectra calculatddowittin-
uous randomizationonverge faster than those withoutiag is lowered (see Figures 4 and 5).

Ty €Ecut
A(AE))? >~ - 2. ple; E) d i ).
< (A(AE))* > /m (/0 e’ -ple; F) e) (contintegral)
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3 Computational and algorithm errors

All cross-section integrals are evaluated to the relatieeigion of10~%; the tracking integrals are func-
tions of these, so their precision was set to a larger valu#of. To check the precision of interpolation
routines, results of running with parameterizations eedbvere compared to those with parameterizations
disabled. Figure 7 shows relative energy losses for ice dukfferent mechanisms. Decay energy loss is
shown here for comparison and is evaluated by multiplyirggglobability of decay by the energy of the
particle. In the region below 1 GeV bremsstrahlung energg lwas a double cutoff structure. This is due
to a difference in the kinematic restrictions for muon iatgion with oxygen and hydrogen atoms. A cutoff
(for any process) is a complicated structure to paramesniwewith only a few parametrization grid points
in the cutoff region, interpolation erro(s,, — e,,)/e,. may become quite high, reaching 100% right below
the cutoff, where the interpolation routines give non-zeatues, whereas the exact values are zero. But
since the energy losses due to either bremsstrahlung, mindé&ar process, or pair production are very small
near the cutoff in comparison to the sum of all losses (mastiization energy loss), this large relative error
results in a much smaller increase of the relative error ettdital energy losses (Figure 8). Because of that,
parametrization errors never exceldd — 103, for the most part being even much small&g(¢ — 107?),
as one can estimate from the plot. These errors are muchesriiah the uncertainties in the formulae for the
cross sections. Now the question arises whether this wadssufficient to propagate muons with hundreds
of interactions along their way. Figure 6 is one of the exasphat demonstrate that it is sufficient: the
final energy distribution did not change after enabling petiizations. Moreover, different orders of the
interpolation algorithmd, corresponding to the number of the grid points over whic¢arjpolation is done)
were tested (Figure 9) and results of propagation with aifieg compared with each other (Figure 10). The
default value ofy was chosen to be 5, but can be changed to other acceptabés¥atig< 6 at the run time.
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Figure 7: loniz (upper solid curve), brems
(dashed), photo (dotted), epair (dashed-dotted)Figure 8: Interpolation precisioft,, — €p)/€pa
and decay (lower solid curve) losses in ice

MMC employs a low energy cutoff,,,, below which the muon is considered to be lost. By default it is
equal to the mass of the muon, but can be changed to any highue. VT his cutoff enters the calculation in
several places, most notably in the initial evaluation efénergy integral. To determine the random number
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Figure 9: Interpolation precision for different Figure 10: Comparison of the result of the prop-
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algorithm

&y below which the particle is considered stopped, the enarggral is first evaluated frorh; to e;,,,. It is
also used in the parametrization of the energy and trackitegials, since they are evaluated from this value
to F; and /¢, and then the interpolated value fbf; is subtracted from that fok;. Figure 11 demonstrates
the independence of MMC from the valuea,,. For the curve witl,,,, = m, integrals are evaluated in the
range 105.7 Me\- 100 TeV, i.e., over six orders of magnitude, and they are esigg as those calculated
for the curve withe,,,,=10 TeV, with integrals being evaluated over only one ordenagnitude.

Figure 12 demonstrates the spectra of secondaries (dettais, bremsstrahlung photons, excited nu-
clei, and electron pairs) produced by the muon, whose enisrggpt constant at 10 TeV. The thin lines
superimposed on the histograms are the probability funst{oross sections) used in the calculation. They
have been corrected to fit the logarithmically binned histots (multiplied by the size of the bin which is
proportional to the abscissa, i.e., the energy). While tire@ment is trivial from the Monte Carlo point of
view, it demonstrates that the computational algorithnoiserct.

Figure 13 shows the relative deviation of the average finaitggnof the4 - 10° 1 TeV and 100 TeV muons
propagated through 100 m of Fréjus Rbekth the abscissa setting for,,, from the final energy obtained
with v.,; = 1. Just like in [14] the distance was chosen small enough doothig a negligible number
of muons stop, while large enough so that the muon suffersga laumber of stochastic losses (0 for
vewr < 1073). All points should agree with the result for,, = 1, since it should be equal to the integral of
all energy losses, and averaging over the energy losses fox 1 is evaluating such an integral with the
Monte Carlo method. There is a visible systematic sfiftl — 2) - 10~* (similar for other muon energies),
which can be considered as another measure of the algorgbumay [14].

In the case when almost all muons stop before passing thestmudistance (see Figure 14), even small
algorithm errors may substantially affect survival proliibs. Table 1 summarizes the survival probabilities
for a monochromatic muon beam 1 muons with three initial energies (1 TeV, 9 TeV, artd TeV) going

LA medium with properties similar to that of standard rocke(second table in Appendix A) used for data analysis in tiegsr’
experiment [15].
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through three distances (3 km, 10 km, and 40 km) in water. @oeld note that these numbers are very
sensitive to the cross sections used in the calculation;ferg 0° GeV muons propagating through 40 km the
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rate increases 12% when the BB1981 photonuclear crosgséstieplaced with the ZEUS parametrization
(see Figure 37). However, the same set of formulae was usedgihout this calculation. The errors of the
values in the table are statistical and get+0.001. The survival probabilities converge on the final value

Table 1: Survival probabilities

Ve cONt 1TeV3km 9TeV10km 10° TeV 40 km
0.2 no 0 0 0.081
0.2 yes 0.009 0.052 0.113
0.05 no 0 0.028 0.076
0.05 vyes 0.041 0.034 0.073
0.01 no 0.027 0.030 0.075
0.01 vyes 0.031 0.030 0.072
1072  no 0.031 0.031 0.074
1073 yes 0.031 0.030 0.070

for v, < 0.01 in the first two columns. Using theontoption helped the convergence in the first column.
However, thecont values departed from regular values more in the third coluffhe relative deviation
(5.4%) can be used as an estimate of ¢batinuous randomizatioalgorithm precision (not calculational
errors) in this case. One should note, however, that witmthmber of interactiong 10 the continuous
randomizatiorapproximation formula was applied 10° times. It explains why the value abntversion for

veur = 0.01 is closer to the converged value of the regular version than.f, = 1073.

4 Electron, tau, and monopole propagation
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Figure 15: Electron energy losses in Ice Figure 16: Tau grlegses in Fréjus Rock

Electrons and taus can also be propagated with MMC. Breatdatrg is the dominant cross section in
case of electron propagation, and the complete screensegorass section should be selected (Section 9.2.4).
Electron energy losses in Ice are shown in Figure 15 (alswisigathe LPM suppression of cross sections).
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Figure 17: Sum of tau energy losses in Fréjus Figure 18: Average range of taus propagated
Rock through Fréjus Rock

For tau propagation Bezrukov-Bugaev parameterizatioh thi¢ hard component (Section 9.3.1) or the
ALLM parametrization (Section 9.3.2) should be selectedpleotonuclear cross section. Tau propagation
is quite different from muon propagation because the tatitife is 7 orders of magnitude shorter than the
muon lifetime. While muon decay can be neglected in mostscafseuon propagation, it is the main process
to be accounted for in the tau propagation. Figures 16 anddipare tau energy losses with losses caused
by tau decay (given by, /(pv.7) = m. /(pv,70); this is the energy per mwe deposited by decaying taus in a
beam propagating though a medium with deng)tyFigure 18 compares the average range of taus propagated
through Fréjus Rock with,.,, = 1 (completely continuously) ang.,, = 10~3 (detailed stochastic treatment).
Both treatments produce almost identical results. Thesgefau propagation can be treated continuously for
all energies unless one needs to obtain spectra of the smtesdreated along the tau track.

Monopoles can also be propagated with MMC. All cross sestextept bremsstrahlung (which scales as
z1) are scaled up with a facte?, wherez = 1/(2«) is the monopole charge, according to [16, 17].

5 Comparison with other propagation codes

Several propagation codes have been compared with MMC. é\fiesible MMC settings were changed
to match those of the other codes. Figure 20 compares eresggd calculated with MMC and MUM [14],
and Figure 19 compares the results of muon propagationghr800 m of ice with MMC and MUM«,.,; =
103, ZEUS parametrization of the photonuclear cross sectiodyéev Berzrukov Bugaev parameterization
of bremsstrahlung).

Survival probabilities of Table 1 were compared with resédom [14] in Table 2. Survival probabilities
are strongly correlated with the distribution of the highesergy muons in an originally monoenergetic
beam. This, in turn, is very sensitive to the algorithm esrand the cross-section implementation used for
the calculation.

A detailed comparison between spectra of secondaries peddwith MMC, MUM, LOH [7], and LIP
[8, 19] is given in the Appendix B. A definite improvement of Mvbver the other codes can be seen in the
precision of description of spectra of secondaries andahge of energies over which the program works.

12
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Figure 20: Comparison of muon propagation
through 800 m of Ice with MMC and MUM

Table 2: Survival probabilities of MMC compared to other esd

Vet Propagationcode 1TeV3km 9 TeV 10 km0°® TeV 40 km
102 MMC (BB81) 0.031 0.031 0.074
102 MMC (ZEUS) 0.031 0.030 0.083
1073 MUM [14] 0.029 0.030 0.078
1073 MUSIC [18] 0.033 0.031 0.084
1073 PROPMU [19] 0.19 0.048 0.044

6 Energy losses inice and rock, some general results
The code was incorporated into the Monte Carlo chains oktketectors: Fréjus [15, 20], AMANDA
[9, 5], and IceCube [21]. In this section some general result presented.

6.1 Average muon energy loss The plot of energy losses was fitted to the functitdty dz = a +

bE (Figure 21). The first two formulae for the photonuclear sresction (Section 9.3.1) can be fitted the best,
all others lead to energy losses deviating more at highagersefrom this simple linear formula; therefore
the numbers given were evaluated using the first photonucteas section formula. In order to choose low
and high energy limits correctly (to cover the maximum plolesiange of energies that could be comfortably
fitted with a line), ay? plot was generated and analyzed (Figure 22). The green corvesponds to thg?

of the fit with a fixed upper bound and a varying lower bound anfttted energy range. Correspondingly,
the blue curve describes thé of the fit with a fixed lower bound and a varying upper bound. Thet
low energies goes down sharply, then plateaus at around YOT®és corresponds to the point where the
linear approximation starts to work. For the high energyrutaries,? rises monotonically. This means that
a linear approximation, though valid, has to describe a grgwnergy range. An interval of energies from
20 GeV to10'! GeV is chosen for the fit. Table 3 summarizes the found fits é&mdb; the errors in the
evaluation ofz andb are in the last digit of the given number. However, if the lowerergy boundary of the
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Table 3: Fits taz andb for continuous losses (average energy losses)

medium| a, %s\,\é b, pove | av. dev.| max. dev.| q, %s\,\é b, pove | a, %S\,\é b, t%e
20 — 10! GeV 20 — 10" GeV ALLM97

air 0.281 0.347 3.6% 6.5% 0.284 0.335 0.282 0.344

ice 0.259 0.363 3.7% 6.6% 0.262 0.350 | 0.260 | 0.360

fr. rock 0.231 0.436 3.0% 5.1% 0.233 0.423 0.231 0.431

st. rock | 0.223 0.463 2.9% 5.1% 0.225 0.451 0.224 0.459

fitted region is raised and/or the upper energy boundarysted, each by an order of magnitudeandb
change by about 1%.

To investigate the effect of stochastic processes, muatisaniergies 105.7 MeV10!! GeV were propa-
gated to the point of their disappearance. The valug,gf= 5 - 10~2 was used in this calculation; using the
thecontinuous randomizatiooption did not change the final numbers. The average finamtst(range) for
each energy was fitted to the solution of the energy loss BqUAE /dx = a + DE:

xy =log(l+ E;-b/a)/b

(Figure 23). The same analysis of th&plot as above was done in this case (Figure 24). A region tini
energies from 20 GeV to0!! GeV was chosen for the fit. Table 4 summarizes the resultsesttfits.

Table 4: Fits taz andb for stochastic losses (average range estimation)

medium | a, %S\,\é b, t9e | av. dev.
ice 0.268 0.470 3.0%
frejusrock| 0.218 | 0.520 | 2.8%

14
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As the energy of the muon increases, it suffers more stachiasses before it is lo3tand the range
distribution becomes more Gaussian-like (Figure 31). #l$® shown in the figure (vertical lines) that the
inclusion of stochastic processes makes the muons on &/eeag| a shorter distance.

6.2 Muon range In certain cases it is necessary to find the maximum rangg(the majority of)
muons of certain energy, or find what is the minimum energk.,, muons must have in order to cross
distancer.

To determine such functiof,;(x), MMC was run for ice as propagation medium, with muon energie
from 105 MeV to10%° eV. For each energy0® muons were propagated to the point of their disappearance
and the distance traveled was histogrammed (Figure 25% i$lsimilar to the analysis done in Section 6.1.
However, instead of the average distance traveled, thandistat which only a fraction of muons survives
was determined for each muon energy (Figure 26). Two fixedtitnas were used: 99% and 99.9%. MMC
was run with 2 different settings:., = 102 with the cont(continuous randomizatiofeature described in
Section 2.2) option and.,, = 102 without cont In Figure 27 the ratio of distances determined with both
settings is displayed for 99% of surviving muons (red linedl r 99.9% (green line). Both lines are very
close to 1.0 in most of the energy range except the very lowggneart (below 2 GeV) where the muon
does not suffer enough interactions with thg = 10~2 setting before stopping (which means; has to be
lowered for a reliable estimation of the shape of the trakbtlistance histogram). The ratio of 99% distance
t0 99.9% distance is also plotted (dark and light blue lin&hj)s ratio is within 10% of 1, i.e., 0.1% of muons
travel less than 10% farther than 1% of muons.

The valuev.,, = 10~ with no contsetting, used to determine the maximum range of the 99.9%eof t
muons, was chosen for the estimate of the functipp(z). The function

xy =log(l+ E; - b/a)/b,

which is a solution to the equation represented by the uqpmbaimation to the energy lossegt /dx =
a + bE, was fitted toFE,,;(x). In Figure 28 they? of the fit is plotted as function of the lower (green) and

2As considered by the algorithm, here: stopped.
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ing fraction and MMC configuration settings aries

upper (blue) boundaries of the fitted energy range. Usingdhge argument as in Section 6.1 the lower limit
is chosen at just below 1 GeV while the upper limit was left@t GeV. As seen from the plot, raising the
lower boundary to as high as 400 GeV would not lower tReof the fit (and the root mean square of the
deviation from it), so the lower boundary was left at 1 GeVdenerality of the result. The fit is displayed
in Figure 29 and the deviation of the actuglfrom the fit is shown on Figure 30. The maximum deviation
is less than 20%, which can be accounted for by lowetdiagdb by 20%. Therefore, the final values quoted
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7 Phenomenological lepton generation and neutrino propadan

MMC allows one to generate fluxes of atmospheric leptonsrdaog to parameterizations given in [22].
Earth surface (important for detectors at depth) and athmxépcurvature are accounted for, and so are muon
energy losses and probability of decay. Although the refeed22] provides flux parameterization, which is
accurate in the region of energies from 600 GeV to 60 TeV,pbissible to introduce a correction to spectral
index and normalization of each leptonic component andapriate the results to the desired energy range.
One can also add an ad-hoc prompt component, spétifilike fluxes of neutrinos of all flavors, or inject
leptons with specified location and momenta into the sinutat

Neutrino cross sections are evaluated according to [23234yith CTEQ6 parton distribution functions
[26] (Figure 33). Neutrino and anti-neutrino neutral anérgfed current interaction, as well as Glashow
resonance,.e- cross sections are taken into account. Power-law extrapolaf the CTEQ PDFs to small
X is implemented to extend the cross section applicab#ibge to high energies. Earth density is calculated
according to [27, 24], with a possibility of adding layers different media. All secondary leptons are
propagated, therefore it is possible to simulate partisi@llations, e.g.;7 < v,. Additionally, atmospheric
neutrinov, < v, oscillations are simulated (Figure 34).

Alternatively, MMC allows integration with other neutrirgenerators/propagators, such as NUSIM [29],
ANIS [28], or Juliet [30], or lepton generators, e.g., CORSI[4].
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solid line designates the value of the range eval-

uated with the second table (continuous and Figure 32: 3 regions of propagation defined for
stochastic losses) and the broken line shows theAMANDA-II simulation

range evaluated with the first table (continuous

losses only).

8 MMC implementation for AMANDA-II

Most light observed by AMANDA-II is produced by muons pagsthrough a cylinder with radius 400
and length 800 meters around the detector [5]. Inside tHisdsr, the Cherenkov radiation from the muon
and all secondary showers along its track with energiesab®@D MeV (a somewhat loose convention) are
estimated together. In addition to light produced by suchir@ssed” muon, all secondary showers with
energies above 500 MeV produced in the cylinder create tlweirCherenkov radiation, which is considered
separately for each secondary. So in the active region afétextor muons are propagated with, = 500
MeV, creating secondaries on the way. This is shown as r&jiorthe Figure 32.

Inregion 1, which is where the muon is propagated from théEasurface (or from under the detector) to
the point of intersection of its track with the detector nger, muons should be propagated as fast as possible
with the best accuracy. For downgoing muons, values.Qf = 0.05 with the continuous randomization
option enabled were found to work best. These values shdsddweork for muons propagated from points
which are sufficiently far from the detector. For muons adan the vicinity of the detector, values of
vt = 0.01 with contor evenu,.,; = 0.001 withoutcontshould be used.

In region 3, which is where the muon exits the detector c@md is propagated in one step.{; = 1.0,
no conf to the point of its disappearance, thus only resulting iestimate of its average range.

It is possible to define multiple concentric media to deschibth ice and rock below the ice, which is
important for the study of the muons, which might be creategither medium in or around the detector and
then propagated toward it. Definition of spherical, cylindl, and cuboid detector and media geometries is
possible. This can be easily extended to describe otheeshap

Although the ALLM97 with nuclear structure function as deéised in Section 9.3.3 parametrization of
the photonuclear cross section was chosen to be the defadle simulation of AMANDA-II, other cross

18



-30

NE F — 10
S -3f ~ "o
510 ¢ ~ S -
F <+ 10
10 2 // n
E o
a3k ?/ ,g 10 Atm. nu. threashold 10 GeV
10 & 5 — Wwith sscillations
£ A g
yin / o e b b e b b b b e by
10 345 va 0 20 40 60 80 100 120 140 160 180
F % zenith angle [ degrees ]
-351 — 6
10 g 4 // 2, 10 -3 %
-36] Wi L
10 - $107
S 5 ~ detector with
010 & radius 490 m and length 800
$ 10 67 — With _ oscillations
‘ " H 510'75 I wmuu\zw wmuu\sw \\\\\\\‘4\ L 5
102 lO3 lO4 105 lO6 107 lO8 10910 1(%I.O 1 10 10 10 10 10
E[GeV] Energy lost inside the detector [ GeV ]

Figure 33: Simulated neutrino cross sections: Figure 34: Neutrino flavor oscillations: muon
higher blue curves are CC, lower red curves areevents. Since latitude-dependent geomagnetic
NC; solid arev, dashed are; green dotted is  cutoff is not calculated, a fixed 10 GeV cutoff is
veem — W~ applied (cf. [28]).

sections were also tested. No significant changes in thalbganulated data rate or the number of channels
(V) distribution (important for the background muon analyi§5, 31]) were found between the parame-
terizations described in Section 9.3. This is to be expesiteck for the background muons (most of which
have energies of 0.5-10 TeV on the surface) all photonuclesss section parameterizations are very close
to each other (see Figure 37). Also the effects of the Melsattering and LPM-related effects (Section 9.5)
can be completely ignored (although they have been left pthiodefault settings of the simulation).

9 Formulae

This section summarizes cross-section formulae used in MEI@e formulae belowZ is the energy of
the incident muon, whilee = vFE is the energy of the secondary particle: knock-on electoondnization,
photon for bremsstrahlung, virtual photon for photonucfacess, and electron pair for the pair production.
As usual,f = v/candy = (1 — 52)‘1/2; alsou is muon mass (or tau mass, except in the expression for
q. of Section 9.2.3, wherg is just a mass-dimension scale factor equal to the muon Bapsfn = m. is
electron mass, andl/ is proton mass. Values of constants used below are sumrdamnizgppendix A.

9.1 lonization A standard Bethe-Bloch equation given in [33] was modifigdiioon and tau charged
leptons (massive particles with spin 1/2 different frontélen) following the procedure outlined in [34]. The
result is given below (and is consistent with [35]):

2
dE o Z L (2 e\ O L Lower\ L Vipper N7 0 7
dx ApB? |2 I(Z)? 2 Vmaa 2 \2E(1+1/7) 2
oM (72 — 1
where v, = me(Y ) 5 and  Vypper = Min(Veut; Vimaa)-

1+ 27% + <7Z>
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The density correctiofi is computed as follows:
§ = 6,102 X0) if X < X,
b = 2(n10)X +C+a(X;—X)", fXo<X <Xy
d = 2(n10)X +C, if X>X;, where X =log,,(67)

AN 1,711 v o1 v ?
— K22 |1 by G —
dvde 2 Ap?v? [ & Vmaz * 2 (E(1+ 1/7)) ]

2
This formula, integrated from,,,;,, = ﬁ . (%) to vypper, Qives the expression for energy loss above, less

the density correction an@ terms (plus two more terms which vanishif;, < vupper)-

9.2 Bremsstrahlung According to [36], the bremsstrahlung cross section magpeasented by the
sum of an elastic component,, discussed in [37, 38]) and two inelastic componemsg(‘n),

0 =04+ A"+ Ao
9.2.1 Elastic Bremsstrahlung (Kelner Kokoulin Petrukhin parameterization):

is the minimum momentum transfer. The formfactors (atofgjcand nuclea\*) are

1

A% = In|1

- (9 n[ * 5\/EBZ_1/3/m]

D

AY(5) =1 = ; D, = 1.54A%%7,

Y0 = | s

Integration limits for this cross section are
3vep
min = 0 < v < maavzl_—_Z/3
v 0<v<w 1 E

9.2.2 Petrukhin Shestakov form factor parameterization: Somewhat older parameterization of the
form factors in the Bethe-Heitler formula [37] is given irf[3

oa(E,v) =2 <2ZT7~8)2 (% Ay vz) (),

v W 3
189 7—1/3
$(0) = In - #62—1/3 , £ <10
[ 2189 -2/3 ]
#(0) = In 1j#52_1/3 , £ > 10.
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9.2.3 Andreev Berzrukov Bugaev parameterization: Another parameterization of the bremsstrahlung
cross section, both elastic and inelagtidiagram contributions (not thediagram, which is included with
the ionization cross section) is implemented according® 41, 14].

2
e\ 1 2
o(E,v) = a (mzﬂ) - {(2 = 20 +0)) Ui (gonin, Z) — 5(1 - v)\lfg(qmm,Z)} ,
1 v
‘1’1,2(Qmm, Z) = ‘I’?,Q(Qmm, Z) - Al,z(szm Z)
1 pra? 1 11 pra’ 1
0 _ 1 2
U (Gmin, Z) = 3 <1+ln1+x%) —xlarctanx—l +§ {5 <1+ln 1+ a2 —x2arctanx—2 ,
1/2 pra? 1 3 x?
0 1 2 1
Vo (Gmin, Z) = 3 <§ +In m) + 227 (1 — I arctanx—l + 1 In 5 22
111 /2 p2al 9 1 3 3
—|=(=+1 2 1-— tan — + — 1
* Z{2<3+n1+x§ Fen F o mardan gy )|
po ¢, C+1
A min»Z 1 = In— =1 )
l(q 7£ ) n e + 2 n C 1
TS o, CH1 20
Ao (Gmin, Z #1) = In—+ (3 — In>— ,
in Z#1) = 2 SG-OmEt -
A172(Qmm7221) - O,
(>
min = 377 o Li = QiGmin,
¢ 2E(1 — ) ¢
S 7242 _ 412 ~1.9u
U= Zi 2T pEmy ST\ T g

9.2.4 Complete screening case: This parameterization is given in [33] (based on [42, 43]) anmost
suitable for electrons:

ou(E,v) = % (22%«6)2 { (% . %U n 02) (Z%(Lyaa — f(2)) + ZL..) + %(1 o) (22 + Z)} ,

1
f(Z) =a? L 4 0.20206 — 0.0369a” + 0.0083a* — 0.002a6} . where a=aZ.

+a?
All bremsstrahlung parameterizations are compared inrEgg85 and 36. Parameterization of Section

9.2.3 (abb) agrees best with the complete screening cadeabdfoms and with the other two cross sections

for muons, thereby providing the most comprehensive detson of bremsstrahlung cross section.

9.2.5 Inelastic Bremsstrahlung: The effect of nucleus excitation can be evaluated as

1

Z

Bremsstrahlung on the atomic electrons can be describeldebgliagrams below; e-diagram is included
with ionization losses (because of its shayp? energy loss spectrum), as described in [44]:

d*N d*N a 9
Aall/alx B <dudm)1 ' %(a(%%— ¢) =)

A= ZAL (24 1),
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Figure 35: Bremsstrahlung cross section param-Figure 36: Bremsstrahlung cross section param-
eterizations for muons eterizations for electrons

a =log(l+2v/m.), b=log((1—v/Vna)/(1—r/E)),
¢ = log((2y(1 - v/Eym.)/(m,v/E)).
The maximum energy lost by a muon is the same as in the pureaibom (knock-on) energy losses. The
minimum energy is taken as,;, = I(Z). In the above formula is the energy lost by the muon, i.e., the

sum of energies transferred to both electron and photon.h®woutput all of this energy is assigned to the
electron.

e diagrams

The contribution of the:.-diagram (included with bremsstrahlung) is discussed @j:[3

in o m \’ (4 4 2 in
Ao (E,v)%; QZET6 §—§U+v A
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B'=1429 forZ > 2 and B’=446 for Z=1.

The maximum energy transferred to the photon is

,I’}max -
E(E—p+m)

On the output all of the energy lost by a muon is assigned tbtdmsstrahlung photon.
9.3 Photonuclear interaction
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Figure 37: Photon-nucleon cross sections, as deFigure 38: Photonuclear energy losses (divided
scribed in the text: Kokoulin [45], W. Rhode by energy), according to formulae from Section
[46], BB 1981 [47], ZEUS 94 [48], ALLM 91  9.3. Higher lines for the parameterizations 1-

and 97 [49], Butkevich [50]. Curves 5-7 are cal- 4 include the hard component [51], higher lines
culated according te.y = lim Am* Bl for 5-7 calculate shadowing effects as in Section
Q-0 @ 9.3.3, lower as in Section 9.3.2
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9.3.1 Bezrukov Bugaev parameterization of the photonucleanteraction The soft part of the pho-
tonuclear cross section is used as parametrized in [47fflindd terms taken from [51, 32] are important
for tau propagation):

do o} m?2 Km3 2u?  Au? m3
— = —A 0.75G In{1+—2)— L Tl (1+ 2
dv 2m U'YNU{ (=) [H " < 3 ) mi+t ot i m? N ( )T
202 m3 202 u? m? — 4t m3 t
0.25 — |In{1+—) — — — 0.75G — 4+ 02— In |1+ —
+ (Fc—i—m%)n( + ; ; +2t (x)m%thJr , o +m§ ,
2,2 2 2
where t = im:{“) , k=1—=+=, m{=054GeV , and mj=18GeV.
—v v

Nucleon shadowing is calculated according to

oa(v) = Ao,n(v){0.75G(z) + 0.25}
2
with G(z) = 33 <% —1+e(1 +x)) , forZ #1,andG(z) = 1forZ=1
T

r = Rno,y 20.00282A%07N(u).

Several parametrization schemes for the photon-nuclaexms gection are implemented. The first is

82
oyw(v) = 96.1+ 7 forv <17 GeV

o,n(v) = 114.3+ 1.6471n*[0.0213v] ub, for v € [17,200 GeV] [47]
o,n(V) = 492+ 11.1In[v] + 151.8//v ub, above 200 GeV [45].

The second is based on the table parametrization of [46\ET0GeV. Since the second formula from above
is valid for energies up ta0° GeV, it is taken to describe the whole energy range aloneeshitd case.
Formula [48]

oyn (V) = 63.55"77 4 14557%° ub - with s = 2Mv

can also be used in the whole energy range, representingulth tase (see Figure 37). Finally, the ALLM
parametrization (discussed in Section 9.3.2) or ButkeWidkhailov parameterization (discussed in Section
9.3.3) can be enabled. It does not rely on “nearly-real” exgfe photon assumption and involves integration
over the square of the photon 4-momentupd)( Also, treatment of the hard component within the Bezrukov
Bugaev parameterization can optionally be enabled. The ¢@nponent of photonuclear cross section was
calculated in [51] and parametrized in [32] as

7
1
—A.-= § “ajlogiyv, usedfor 1077 <wv <1, 10°GeV< E < 10°GeV.
v
k=0

dghard

dv

Integration limits used for the photonuclear cross sectimn (kinematic limits forQ? are used for the
ALLM and Butkevich-Mikhailov cross section formulae)

2 M m2
M+ o < v <E——-<1+—“)

2M 2 M?
m21/2 m4
E“E, —2E§LE, < @Q*<2M—my;)—m2 , E =FE-v.
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9.3.2 Abramowicz Levin Levy Maor (ALLM) parametrization of the photonuclear cross section The
ALLM formula is based on the parametrization [52, 49, 53]

do(v,Q%) 4ma® Fy . Mazv (3 2u*\ v*(1+4M3?*2?/Q?)
= _ —_ fU _— R —
dvd@? Q* v 2F Q? 2(1+ R))
2
Tr = Q .
2M Ev
The limits of integration ovef)? are given in the section for photonuclear cross section.

Fy=a(Z+(A—Z)P)F} Here, a(A, z,Q% ~a(A, 1)

a(A,z) = A% for 2 <0.0014
a(A,z) = AV0Pogwz+H00T  for (0014 < z < 0.04
a(A,z) = 1 for z>0.04

P(z) =1 — 1.85z + 2.452% — 2.352° 4 2*

2
FY0.Q) = g (Y + FY)

Fi(z,Q%) = cix¥(1—2)% for i=PR

For f =cg,ag,br,bp f(t) = fi + fot?
1
For g=cp,ap g(t) = g1+ (91 — g2) [1+th —1]

In Q2+Q8

t=In—2

ln%
2 2
x; Q"+ mi for 1= PR,

:Q2+m§+W2—M2

wherelV is the invariant mass of the nucleus plus virtual photon:[34} = M? + 2M Ev — Q*. Figure 38
compares ALLM-parametrized cross section with formulaBe#rukov and Bugaev from Section 9.3.1.

The quantityR(x, Q?) is not very well known, although it has been measured for high > 0.1) [55]
and modeled for smalt (10~7 < 2 < 0.1, 0.01 GeV? < Q? < 50 GeV?) [56]. It is of the order~ 0.1 — 0.3
and even smaller for smaf)? (behaves a®(Q?)). In Figure 39 three photonuclear energy loss curves for
R=0, 0.3, and 0.5 are shown. The difference between the cumesr exceeds 7%. In the absence of a
convenient parametrization fét at the moment, it is set to zero in MMC.

The values of cross sections in Figures-3B should not be trusted at energies below 10 GeV. However,
their exact values at these energies are not important éomion propagation since the contribution of the
photonuclear cross section to the muon energy losses iBrigy range is negligible.
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9.3.3 Butkevich-Mikhailov parametrization of the photonuclear cross section Following the param-
eterization of the protorp] and neutrons{) structure functions according to the CKMT model [57, 50],

Fy" (2, Q%) = F§"(2, Q%) + FRg(z, Q%)

N ) Q2 1+A(Q?)
FY(o. @) = Asa=>@(1 = ayi@s (L)

Q2 ) 14+A(Q?)

n - 2 n(Q?)+r
Fz,Q%) = Agax A (1 — g)n@I+ <Q2+a

Ffo(z,Q%) = 2Uy (2, Q%) + 2Dy (z, Q%)

Fro(r, Q%) = %va(x, Q%) + 4z Dy (z, Q?)

) Q2 AR
.TUV(CC, Q2) = Bul’(l_aR)(l _ x)n(Q ) <Q2 n b)

2 (1-ar) ey (@ \™
xDy(z,Q) = Bgx" ~“® (1 — z) :

b
2Q* 3 Q?
where AQ%) = 2o (1 pltozeT d) - and n(@) =3 (1 Mozt c)

F3'2,Q%) = rMUZF) (2, Q*) + (A~ Z) I3 (2, Q)]

The nuclear structure functiorf/? can be evaluated as the shadowing functidrom the previous sec-
tion, or can optionally be calculated as follows [58, 59,.58t z > 0.3, r/? = 1 — my(A)ays.(x), with
mp(A) = Mp[1 — Ns(A)/A] andM, = 0.437. N,(A) is the Wood-Saxon potential

o0

N.(4) = ampy [

ro(A)

r2dr

1+ exp{[r —ro(A)]/a}’

wherep, = 0.17 fm~2, a = 0.54 fm, andr(A4) = 1.12A/3 — 0.86A~1/3,

oel) =120 { (5= 2) — (- %) |

whereu =1 —xz,c=1— z9, 15 = 0.278, A = 0.5, andy = m, /M.
At 1072 2> 29 < o < 0.3, r44(x) = 2™ (1 + my)(1 — maz) wWith m; = M;[1 — N,(A)/A], where
M; = 0.129, M, = 0.456, andM; = 0.553. Here

1 1/mq
o = L (0.75G(v) + 0.25)} ,

+ mg

whereG(v) is given by expression of Section 9.3.1 withy = 112.2(0.609%9988 4 1.037,705944) At
x < x0 functionr?/4(x) = r4/4(x).
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9.4 Electron pair production  Two out of four diagrams describing pair production are shbe-
low. These describe the dominant “electron” term. The twagthms not shown here describe the muon
interacting with the atom and represent the “muon” term. Gitwess section formulae used here were first

derived in [60, 61, 62].

Pi

do(E,v,p) 2 o1 —w m?
QOB 0P) _ 2 714 . o, + o
dvdp 3t ( —I—O(CW’ ) v + L H

v=_(er +e)/E, p=(ep —e)/(ex +e)

Pr

— 2 2 1 1-p*—p
o, = {[(2+p Y1+ 8)+£B+p%)]In <1+ g) +71+§
o, = { {(1 + %) <1 + §ﬁ> - %(1 +20)(1 — p2)} In(1+ &)+
1—p%—
+ % + (14 26)(1 — p2)} L,
BZ '3\ /1 + (1 +Y,) 1 3m 2
Le = In 1+ 2m/eBZ-13(1+6(14+Ye) | §ln 1+ <ﬂzl/3) 1+ +Y)
Ev(1-p?)
ZLpy—23
L,u = In 1+ 2m\/EBZETl(/13(1_é_)§)(1+yM)
v(l—p
v, — 5—p* +46(1 + p?)

2(1+36)In(3+1/§) — p* —26(2 = p?)
4+ p* +36(1+ p?)
g (1+p2)(3/2428)In(3+ &) +1 — 3p?

2

W w21 —p?
6_2(1—1;)’ 5‘(%) 1—w

0.0731n (E7“‘> —0.26

1+“/1ZQ/3E/,U

pair(Ej7 Z) ~

loss

0.058 In <E7“‘> —0.14

1+v2 Z1/3E/u

11 =19510"° and  =5310"° for Z#1
ym=4410" and v =4.810"° for Z=1.
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Integration limits for this cross section are

4m Ve, ,
= <y < — 12V F 713
E Umln_v_vmax 4 E
dm 6112
0 < < o =41 — — |1 —
< ll=» Ev[ EQ(I—U)]

Muon pair production is discussed in detail in [63] and is nohsidered by MMC. Its cross section is
estimated to be- 2 - 10* times smaller than the direct electron pair productionszstion discussed above.
9.5 Landau-Pomeranchuk-Migdal and Ter-Mikaelian effects These affect bremsstrahlung
and pair production. See Figure 40 for the combined effeitarand Fréjus rock.

9.5.1 LPM suppression of the bremsstrahlung cross section: The bremsstrahlung cross section is mod-
ified as follows [64, 65, 66, 67]:

4

g(l —v)+0* — ? (V*G(s) +2[1 + (1 — v)*|¢(s)) -

The regions of the following expressions fofs) and G(s) were chosen to represent the best continuous
approximation to the actual functions:

83

N 0.623 + 0.796s + 0.65852

-

S ) for s < 1.54954

= 1—exp (—68 1+ (3—m)s]

P(s) = 1-0.012/s* for s> 1.54954

S

Q <=

= 3¢(s) —2¢(s) for s < 0.710390
= 36s5%/(36s* +1) for 0.710390 < s < 0.904912
= 1-0.022/s* for s>0.904912.

S

@Q

S

(s)
(s)
852
(s) = 1—exp (_48 1+ 3.936s + 4.97s% — 0.05% + 7.5OS4>
(s)
(s)
(s)

Q

Here the SEB scheme [68] is employed for evaluation(@f, v'(s), and¢(s) below:

(s = 2 for & <s
08(1 —h)[1 —(1—h)?
(s = 1+h—008( )= ( /] for s;<s <1
1I181
£(s) = 1 for §>1
g :a(,ucz)QXO
LPM Arhe

X, is the same as in Section 9.7. Here are the rest of the defigitio

s’ ZV3D, m Erpyv Ins
° VE 1= V2 B § \/ 8E(1 —v) In s;

9.5.2 Dielectric (Longitudinal) suppression effect: In addition to the above change of the bremsstrahlung
cross section, s is replaced By s and functiong (s), ¢(s), andG(s) are scaled as [66]

§(s) = &(T's)  o(s) = o(I's)/T G(s) — G(I's) /T
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Figure 39: Comparison of ALLM energy loss
(divided by energy) fork=0 (dashed-dotted),
R=0.3 (dotted),?R=0.5 (dashed)

Figure 40: LPM effect in ice (higher plots) and
Fréjus rock (lower plots, multiplied by0—3)

Therefore the first formula in the previous section is modifis

€09 (250

é(l—v)+v2—> +2[1 4 (1 —v)?

3 r

") (G0 o))

vE

wherew, = (/4nrNZe?/m is the plasma frequency of the medium anfl is the photon energy. The
dielectric suppression affects only processes with sniatgn transfer energy, therefore it is not directly
applicable to the direct pair production suppression.

9.5.3 LPM suppression of the direct pair production cross setion: &, from the pair production cross
section is modified as follows [66, 69]:

2
I' isdefinedas I' = 1 + ~* <%) :

O, — (14 B)A+[1+p°B) +B(C+ [1+p*|D) + (1 = p*)E) - L,

1 [Erpm 1
5= .
4\l E, v(l—p?

The E; pys energy definition is different than in the bremsstrahlunggca

1

= - = _1/3
Erpu Srno? S 771 where L =1n(3.25BZ /7).
FunctionsA(s, &), B(s, &), C(s, ), andD(s, &) are based on the approximation formulae

6s (65)?
and G(s) = G2+ 1
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and are given below:

36s% — 1
3652 + 1

6s(1+x)+1

6sx
36s*(1+z)? +1 G*(36s* — 1)
G- 2 \2° — )
" 365222 i 6s

6s(1 1
D(s,z) = ® — ®*zln 6s(1+2)+1

6sx

36s%(1+2)? + 1
365222

A(s,) = Z(1+2G2)In - G665 (14 5051 ) (wnetan(osi 1)~ 5)

2

B(s,x) = (1 + ®x)In o

C(s,x) = —G*x1 T (arctan(Gs[:c +1]) — E)

2

E(s,x) = —6s (arctan(6s[x +1]) — g) :

9.6 Muon and tau decay Muon decay probability is calculated according to
v _ 1
dr  ~Bcr’

The energy of the outgoing electron is evaluated as

Vg = (yrest + By Vi — m? cos(@)) .

The value otos(#) is distributed uniformly orf—1, 1) andv,. is determined at random from the distribution
_ o tme

2,5
% = %(3 —22)x?, 1z = VT:M with v, = me. and vpe. = T
Tau leptonic decays, into a muon (17.37%) and electron 8%)8are treated similarily. Hardronic decays
are approximated by two-body decays into a neutrino anda@ohar part, which is assumed to be one of the
particles or resonances:(11.09%),0-770 (25.40%)/ = 769.3 MeV), a,-1260 (18.26%) = 1230 MeV),
and the rest intp-1465 (10.05%) = 1465 MeV). The energy of the hardronic part in the tau rest frame is
evaluated as;.,; = (m2 + M?)/(2m,).

9.7 Moliere scattering After passing through a distance x, the angular distribLis@ssumed Gaus-
sian with a widthy/26, [33, 70, 71]:

B 13.6MeV
Bep

0o 2/ x/ Xy [1 4 0.0381n(z/Xy)]

Tbrems (Ebig)
Eiig
Deviations in two directions perpendicular to the muonkrae independent, but for each direction the exit

angle and lateral deviation are correlated:

Yplane = leeo/\/ﬁ + 221’60/2 and eplane = 2280
X

—1
X, isevaluatedas X, = [ } for By, ~ 10%eV.
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Figure 41: Moliere scattering of one hundred 10 TeV muonsgstraight down through ice

for independent standard Gaussian random variabjes,). A more precise treatment should take the finite
size of the nucleus into account as described in [72]. Saar&igl for an example of Moliere scattering of a
high energy muon.

10 Conclusions

A very versatile, clearly coded, and easy-to-use muon gratan Monte Carlo program (MMC) is pre-
sented. It is capable of propagating muon and tau leptonsefes from 105.7 MeV (muon rest mass,
higher for tau) tol0!' GeV (or higher), which should be sufficient for the use as pgapor in the simula-
tions of the modern neutrino detectors. A very straightBmdverror control model is implemented, which
results in computational errors being much smaller tharetamties in the formulae used for evaluation
of cross sections. It is very easy to “plug in” cross sectionedify them, or test their performance. The
program was extended on many occasions to include new fagrarl effects. MMC propagates particles in
three dimensions and takes into account Moliere scagfennthe atomic centers, which could be considered
as the zeroth order approximation to true muon scatterimgesbremsstrahlung and pair production are ef-
fects that appear on top of such scattering. A more advanwgala dependence of the cross sections can be
implemented at a later date, if necessary.

Having been written in Java, MMC comes with the c/c++ integfpackage, which simplifies its inte-
gration into the simulation programs written in native laages. The distribution of MMC also includes a
demonstration applet, which allows one to immediately aize simulated events.

MMC was incorporated into the simulation of the AMANDA, Icefle, and Fréjus experiments. It is
distributed at [10] with hope that the combination of pres code clarity, speed, and stability will make it
a useful tool in research where propagation of high energyctes through matter needs to be simulated.

A calculation of coefficients in the energy loss formdfa/dx = a+bE and a similar formula for average
range is presented for continuous (for energy loss) andhastic (for average range calculation) energy loss
treatments in ice and Fréjus Rock. The calculated coeffisiapply in the energy range from 20 GeVitd!
GeV with an average deviation from the linear formula of 3.88 maximum of 6.6%. Also, 99.9% range
of muons propagating in ice is estimated for energies frone¥ @ 10! GeV.
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A Tables used by Muon Monte Carlo (MMC)

All cross sections were translated to urjitgcm| via multiplication by the number of molecules per unit
volume. Many unit conversions (like eV J) were achieved using values®f= ¢? /hic andr, = e%/m.c>.

Summary of physical constants employed by MMC (as in [73])
1/137.03599976

| re 2.817940285-10"" cm |
| N, 6.02214199 - 10% 1/mol | K 0.307075MeV - cm?/q |
[ ¢ 299792458 10" cm/s | R, 13.60569172 eV |
[m. 0.510998902MeV | m, 139.57018 Mev |
['m, 938.271998MeV | m, 939.56533 MeV |
| m,, 105.658389 MeV | 7, 219703-10°s |
| m; 1777.03 MeV | 7 290.6-10"""s |
Media constants (taken from [7, 35])
Material Z A I, eV -C a m Xo Xi p,g/em? &
Water 1+ 1.00794 75.0 35017 0.09116 3.4773 0.2400 2.80040001. 0
Ice +8 15.9994 75.0 3.5017 0.09116 3.4773 0.2400 2.8004 70910
Stand. Rock 11 22 136.4 3.7738 0.08301 3.4120 0.0492 3.05496502 0
Fréjus Rock 10.12 20.34 149.0 5.053 0.078 3.645 0.288 3.19@.740 0
Iron 26 55.845 286.0 4.2911 0.14680 2.9632 -0.0012 3.15318747. 0.12
Hydrogen 1 1.00794 21.8 3.0977 0.13483 5.6249 0.4400 1.886&7080 0
Lead 82 207.2 823.0 6.2018 0.09359 3.1608 0.3776 3.8073 501.30.14
Uranium 92 238.0289 890.0 5.8694 0.19677 2.8171 0.2260 23.3718.950 0.14
N, 78.1% 7 14.0067 1.205
< O 21.0% 8 15.9994 85.7 10.5961 0.10914 3.3994 1.7418 4.2759 1 3 0
Ar 09% 18 39.948 10
Radiation logarithm constai (taken from [74])
Z B Z B Z B A B A B
1 2024 8 1734 15 172.2 22 176.8 53 178.6
2 151.9 9 170.0 16 1734 26 175.8 74 177.6
3 159.9 10 165.8 17 174.3 29 173.1 82 178.0
4 172.3 11 165.8 18 174.8 32 173.0 92 179.8
5 177.9 12 167.1 19 175.1 35 1735
6 178.3 13 169.1 20 175.6 42 175.9 other 182.7
7 176.6 14 170.8 21 176.2 50 177.4
Parameterization coefficients of the hard component of fleégnuclear cross section (as in [32])
E | 10° GeV [ 107 GeV [ 10° GeV [ 10° GeV [ 107 GeV [ 10° GeV [ 107 GeV
ag 7.174409 - 10~ % 1.7132 - 10~ 4.082304 - 10~ 3 &62:22; .10~ 3 0.01244159 0.02204591 0.03228755
ay —0.2436045 —0.5756682 —1.553973 —3.251305 —5.976818 —9.495636 —13.92918
as —0.2942209 —0.68615 —2.004218 —3.999623 —6.855045 —10.05705 —14.37232
a3 —0.1658391 —0.3825223 —1.207777 —2.33175 —3.88775 —5.636636 —8.418409
ay —0.05227727 —0.1196482 —0.4033373 —0.7614046 —1.270677 —1.883845 —2.948277
as | —9.328318 - 1073 —0.02124577 —0.07555636 —0.1402496 —0.2370768 —0.3614146 —0.5819409
ag | —8.751909 - 104 | —1.987841-10"3 | —7.399682 103 —0.01354059 —0.02325118 —0.03629659 —0.059275
a7 | —3.343145-107° | —7.584046-107° | —2.943396 .10~ —5.3155 - 104 —9.265136 - 10~% —1.473118 - 1073 —2.419946 - 1073
taus
ag | —1.269205-10~F | —2.843877 - 10 % | —5.761546 - 10~ % | —1.195445 .10 °> | —1.317386-10 > | —9.689228 - 10~ I° —6.4595 - 10— 1°
ay —0.01563032 —0.03589573 —0.07768545 —0.157375 —0.2720009 —0.4186136 —0.8045046
as 0.04693954 0.1162945 0.3064255 0.7041273 1.440518 2.533355 3.217832
a3 0.05338546 0.130975 0.3410341 0.7529364 1.425927 2.284968 2.5487
ay 0.02240132 0.05496 0.144945 0.3119032 0.5576727 0.8360727 0.8085682
as 4.658909 - 103 0.01146659 0.03090286 0.06514455 0.1109868 0.1589677 0.1344223
ag 4.822364 - 104 1.193018 - 1073 3.302773 - 103 6.843364 - 103 0.011191 0.015614 0.01173827
ay 1.9837 - 107° 4.940182 - 107° 1.409573 - 104 2.877909 - 10~ % 4.544877 - 104 6.280818 - 10~ % 4.281932 - 10 %
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ALLM (‘91) parameters (as in [52, 75])

api -0.04503 apo -0.36407 ap3 8.17091

aRy 0.60408 aRr2 0.17353 aR3 1.61812

bpy 0.492222 bpo 0.521162 bps 3.55115

br 1.26066> bra 1.836242 brs 0.81141

cp1 0.26550 Cp2 0.04856 cp3 1.04682

CR1 0.67639 CR2 0.49027 CR3 2.66275

m%  10.67564 - 10° MeV? A? 0.06527 - 106 MeV? || mZ  0.30508 - 10°¢ MeV?
m%  0.20623-10° MeV? | Q2 — A2 0.27799 - 105 MeV?

ALLM (‘97) parameters (as in [49, 75])

apq -0.0808 ap2 -0.44812 aps 1.1709

ap1 0.58400 AR 0.37888 aR3 2.6063

bp1 0.60243> bpo 1.37542 bps 1.8439

br1 0.107112 bro 1.93862 brs 0.49338

Cp1 0.28067 Cp2 0.22291 Cps 2.1979

CR1 0.80107 CR2 0.97307 CR3 3.4942

m2%  49.457 - 10° MeV? A? 0.06527 - 10° MeV? || mZ  0.31985 - 10° MeV?
m?%  0.15052- 105 MeV2 | Q2 — A2 0.46017 - 105 MeV?

CKMT parameters of the Butkevich-Mikhailov parameteriaat(as in [50, 76])

a 0.2513-10° MeV? Ay 0.0088
b 0.6186 - 10° MeV? ar  0.4056
¢ 3.0292-10° MeV? T 1.8152
d 1.4817-10° MeV? B, 1.2437

A, 0.12 By 0.1853
Tsai's Radiation logarithms,.,; andL! _,(as in [33, 42])

Z Lyaq L;ad
1 5.31 6.144
2 4.79 5.621
3 4.74 5.805
4 4.71 5.924

other In(184.15Z71/3) 1In(1194272/3)

B Comparison of Spectra of Secondaries Produced with MMC,
MUM [14], LOH [7], and LIP [8, 19]

B.1 Spectra of the secondaries In order to determine spectra of primaries consistentlyafor
programs, the following setup was used. For each muon widdfiritial energy a first secondary created
within the first 20 meters is recorded (Figure 42). This is estmat different from what was done for Figure
7, since the energy of the muon at the moment when the segoisdeneated is somewhat smaller than the
initial energy due to continuous energy losses. These aedlesmvhenw,,, is smaller, and are generally
negligible for all cases considered below.

In Figure 43 solid curves are probability functions normadi to the total number of secondaries above
500 MeV. In Figure 45 solid curves are probability functioreemalized to the total number of secondaries
abovel0~* - E,. In Figure 46 solid curves are probability functions norized to the total number of
secondaries abov® 2 - E,. A setting of E},;, = 10?! GeV is used for the third plot in Figure 43 (default is
101 GeV).
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Figure 42: Spectra of the secondaries: the setup
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Figure 43: MMC:E,, = 10° GeV, E,, = 10° GeV, andE,, = 10*! GeV with E,,; = 500 MeV

B.2 Number and total energy of secondaries In spite of the numerous problems with propa-
gation codes other than MMC, shown in Figures4, it was possible to use these codes in the simulation
of AMANDA-II. To understand why, the following setup is useor each muon with fixed initial energy all
secondaries created within the first 800 meters (equal toelyht of the AMANDA-II detector) are recorded
(Figure 47). Although the number of secondaries generaggatdpagators LOH and LIP is different from
that generated by MMC or MUM (Figure 48), the total energyatefed in the volume of the detector is com-
mensurable between all four propagators. The number ofrgeatesecondaries depends on the chosen value
of E.; or v.,:. While MMC and MUM allow one to select this value, LOH and LIBve a built-in value
which cannot be changed. From Figure 48 it appears that tieeles use a value of,; which lies between
10~2 and10~3 since their number of secondaries lies between that geenath MMC withv,,, = 10~2 and

vewr = 1073, One would expect the total energy of secondaries genewdated OH or LIP to be somewhat
lower than that generated with MMC or MUM with,,;, = 500 MeV. This, however, is not true: the total
energy of secondaries generated with LOH and LIP is somekoarmalized to match that of MMC and
MUM (Figures 49 and 50).

34



number of secondaries per TeV number of secondaries per TeV

number of secondaries per TeV

107 ¢ 10
10 ¢ 10 F| \ﬁ%
1 1 L T R ] \Hmu\ ool vl il b

2
1 10 10
energy [GeV]

number of secondaries per TeV

2 3 4 5 6
10 10 10 10 10
energy [GeV]

number of secondaries per TeV

1 10 10° 10% 10* 10° 10° 107 10° 10°
energy [GeV]

Figure 44: MUM:E,, = 10° GeV, E,, = 10° GeV, andE,, = 10° GeV with E.,, = 500 MeV
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Figure 45: LOH:E,, = 10° GeV, E,, = 10* GeV, andE,, = 10° GeV
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Figure 46: LIP:E,
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Figures 48 and 50 also demonstrate the span of energies bigr MMC can be used with fixefl,.,; =
0.5 GeV. With suchE,,;, MMC seems to work for energies up 6 - 105 GeV, which is determined by
the computer precision with which double precision numigars be addedd.5/0.5 - 10'> ~ 107!, When
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Figure 49: Total energy of secondaries Figure 50: Relativegy of secondaries

relative position increments fall below that, the muon %gstuck” in one point until its energy becomes
sufficiently low or it propagates without stochastic lossafficiently far, so that it can advance again. A
muon “stuck” in this fashion still looses the energy, whistwihy it appears that its losses go up. With fixed
Vewr = 1072 — 1073 (and apparently as low d9!2 — 10~!%), MMC shows no signs of such deterioration.
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