
The Redshift - Luminosity Distance Relation

The best-known way to trace the evolution of the universe observationally is
to look into the redshift - luminosity distance relation [1, 2]. The well-measured
quantity of a far distant object is the redshift of light it emitted due to the expansion
of the universe. The redshift z is related to the scale factor a by

λ0

λ
≡ 1 + z =

a0

a
.

From now on, the quantity with the subscript 0 means the value at present. Another
important observational quantity is the distance to the object. There are several
ways of measuring distances in the expanding universe. The luminosity distance dL

is defined by the relation

d2
L ≡

L

4πF
,

where L is the luminosity of the object and F is the measured flux from the object.
For the object whose luminosity is know in some way, we can determine its luminosity
distance from the measured flux.

What you will do in this project is to derive the relation between the redshift
and the luminosity distance in a few cosmological models and compare it with the
data obtained from the observations of type Ia supernovae.

The expanding universe is described by the FRW metic

ds2 = −dt2 + a2(t)

[
dr2

1−Kr2
+ r2

(
dθ2 + sin2 θdφ2

)]
,

where K = 0,±1 depending on the spatial curvature of the universe.

(1) Show that the measured flux at the origin from the object of luminosity L
located at r = r1 is given by

F =
L

4π(a0r1)2(1 + z)2
,

thus the luminosity distance to the object is dL = a0r1(1 + z). Consider why we
have two factors of (1 + z) in the numerator.

(2) r1 is a function of the time t at which the light we see today was emitted by
the object. From the fact that the light travels satisfying ds2 = 0, derive

r1 = fK(z) ≡



sin f(z), for K = +1,
f(z), for K = 0,
sinh f(z), for K = −1,
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where

f(z) =
1

a0H0

∫ z

0

dz′

h(z′)
,

with the Hubble parameter H = ȧ/a and h(z) = H(z)/H0.

(3) The scale factor a(t) satisfies the Friedmann equation
(

ȧ

a

)2

+
K

a2
=

1

3M2
P

∑

i

ρi,

where ρi is the energy density of each component that fills the universe. Assume
that the i-th component has the the equation of state pi = wiρi where wi is a
constant. When wi = 1/3, 0, −1, it is called Radiation(i = R), Matter(i = M),
and Cosmological Constant(i = Λ), respectively. Then the energy density evolves
as

ρi = ρi0

(
a

a0

)−3(1+wi)

.

The Friedmann equation is rewritten as

H2 = H2
0

[
ΩKz2 +

∑

i

Ωi(1 + z)3(1+wi)

]
,

where Ωi ≡ ρi/3M
2
P H2

0 and ΩK = 1−∑
i Ωi. Using this equation, find the expression

for the luminosity distance dL = a0(1 + z)fK(z) as a function of the redshift z.

(4) For simplicity, we consider the flat universe (K = 0), filled with Matter
and Cosmological Constant. Note that ΩM + ΩΛ = 1 in this case. Develop the
Mathematica code which does the integration and using it, draw dL(z) as a function
of z for the cases ΩΛ = 0, 0.3, 1, respectively.

(5) The type Ia supernovae are so bright that they can be observed at very high
redshifts. They have roughly a common luminosity independent of the redshift which
is well calibrated by their light curves. Hence they are very good standard candles,
which can be used to measure luminosity distances. Using the data given in Table
6 of Ref. [3], draw the figure like Figure 1 in which the predictions of cosmological
models and the observational data are compared. Note that the luminosity distance
data are given as distance moduli

µ0 = m−M = 5 log

(
dL

Mpc

)
+ 25,

where apparent magnitude m and absolute magnitude M are logarithmic measure
of flux and luminosity, respectively.
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Figure 1: The luminosity distance H0dL versus the redshift z for a flat cosmological
model, compared with the observational data. Taken from Ref. [4]
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