Relativistic kinematics

4-momentum for a particle of mass m:
p=(E/c, py py: P,) Where
total energy: E = ymc? and p = ymv = ympc

The line element is an invariant ds® = (cdt)’ - (dx)’ = (dy) = (dz)"

If 4-vectors transform like ds, the scalar product of themselves is invariant
under Lorentz transformations: P = {Pt,PX,Py,PZ}

P2 =-P2-P2-P2+P2 or for 2 4-vectors PQ= -P,Q,-P,Q,-P,Q,+P,Q

For the energy-momentum 4-vector:

In the rest frame E = mc? =P = (mc,0)= P? = m?c?. This is the same value it
has in any ref system:

P2 = (E/c)?-p2 = y2m2c?>— y’m?2v2 = y2m2c2 (1— v2/c2) = m2c?

Hence the total energy is
E =p’c’ +m’c*
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Lorentz transformation of
energy-momentum

Given a particle of energy E and momentum p, the 4-momentum is P=(E,p)
And P? =m? (c=1)

The velocity of the particle is g = p/E

The energy and momentum viewed from the frame moving with velocity f; is

Vf _}/f/gf E
Ty D

’ p*T=pT

P, Is the component parallel to
And p, is the orthogonal one
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CM and laboratory systems

Let’s consider 3 invariants

P,%=m,? P,%=m,? [P,P, or (P,xP,)?]
In CM: L

E*2 = (e +e%)* = (P*+P*,)* = (P4+P,)
If M and P are the total mass and energy-momentum
P2 = (P,+P,)? = M? = E*? and since it is an invariant
P2 = (e4%¢,)° - (P11P2)° Laboratory system
Any 4-vector can be written as p = mvy and £ = my
So for the tot momentum and energy P = MBy and E = My (we assume
c=1)= = p/E and =E/M

)=Pcw =P Ycm m@

f

Collisions of 2 particles m, and m, at an angle of 6 one respect to the other:
E* = P = [(g4+e,)*(P1+P2)°]"* = [M 2+m,2+2¢,¢,(1-B4B,c080)] "2

In a fixed target experiment: m, =M >>m, and $, =0, E, =M = E* ~ V(2EM)
E>>M




Examples

In the rest frame of 1 (laboratory frame): p, =0 and ¢, = m,
= P,P, = invariant = ¢,e,— p,'p, = M,¢,

So the energy of particle 2 in reference 1 is:

E,, =&, =P,P,/m, that is also an invariant

2 2 2 (PP )2 _m2m2 . . .
‘le‘ —EX-mi=22 12 These expressions are invariant and
m can be evaluated in any ref system
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Examples

2-body decay
Conservation of energy and momentum:

M = (m? + mHI[M? = (m? - m2)]
2M




Reaction thresholds

Energy of projectile to produce particles in the final state at rest

mpapp mt’pt S=Ecm2 c=1
_> 4—
True in any reference system

2 2 2 2 2 2 22
Et0t=Ekin+m=\/‘p‘ +m =>Ekin+m +2Ekinm=m +‘p‘ = Ekin_‘p‘ _2Ekinm

t+p—=M+M,+..M, _ In the ref frame
2 2 =4 where the target
Vs= M, - \/EW ~[Pu = is at rest
f
2

EMf = (mt + mp + Ekin’P)z B ‘pp‘z
2

EMf =(mt+mp)2+E

‘2 kin,p =

2
kin,p + Z(m; + mp)Ekin,p - ‘pp

2

EMf =(mt+mp)2+E

2 2 2
iy +2m +m)Eg = lp,[ = (m +m) +2mE,,




Threshold for GZK cut-off (Greisen 66;

Zatsepin & Kuzmin66]

Threshold for p-y—=A—nN

E, =145MeV

E, =150MeV in frame where p is at rest

Energy of CMB photons: =3k,T effective energy for Planck spectrum

And their energy in the laboratory frame (rest frame of proton) is

£, ~v,e, =150MeV =y,= 2 10"" and the threshold

energy of the proton is then
E,~v,m,=2-10% eV

i1eie  Integrating over Planck spectrum E,,~5 10 eV 15




de') vu',
1+

x=y(x'+vt')= dx = y(dx'+vdt") _dx _ y(dx'+vdt') U +v
y(dt‘+

dr

t=y(t'+v—)§)=>dt=y(dt'+ 2
C

dy = dy'
dz = d7'
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Transformations of velocity

Hence the generalization of these equations to an arbitrary velocity v not
necessarily along x can be stated in terms of components of u parallel and

perpendicular to v:

dx y(dx'+vdt')  u' +v

y(dt'+

de') R
1+

2
C

dr

The directions of the velocities in the 2 frames are
related by the

vu',

-
o=t Mo\ ) usmb
W, },(1+V“'u) u', +v y(u'cos0'+v)

2

And the aberration of light is obtained for u’=c
csinf' sinf'

1/19/06 tan = —— =
y(ccosO'+v) y(cos@'+v/c)




Aberration and beaming

Aberration is the apparent change in the direction of a moving object when the
observer is also moving

sinf'
For 0 = /2 ==
v emitted perpendicular to v in K’ y(cosf@'+v/c)

tanH

sinf =
41 +tan’6

In K photons are concentrated
in the forward direction. Very

o _ o _ few photons are emitted with
Direction of emitted Direction of emitted 0>>1/
photons when at rest. photons when moving ¥

22
at speeds near c.




Aberration and beaming

If we are at rest in the spacecraft we see light coming from every direction from
stars, but if the spacecraft travels at relativistic speeds the whole field of view
Shrinks and even photons coming from behind, look as coming from the
forward direction. If the ship travels towards Orion...
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